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ABSTRACT wherex is the complex conjugate angl, , is themother wavelet
scaled by a factos and shifted by a factdr.

The objective of this paper is to show the ability of complex band- The filterbanky, , is generated by shifting the mother wavelet

pass filterbanks to extract the intermodulation information that ap- in time with the parameterand dilating (or contracting) it by the

pears when wo audio sign_als ir_lteraqt inside the same analysisco1e parameter. The shapes in the frequency domain of the in-
band. To perform the analysis a sinusoidal model of the signals hasgj;iqa) handpass filters of the filterbank are simple Gaussians of
been assumed. Three kinds of signals have been analyzed: a SURYidth & and each one centeredaat,. Due to the mother wavelet

of two cosines, a sum of two linear chirps and a sum of two expo- . 4y is complex, the obtained complex coefficients can be repre-
nential chirps. The complex bandpass filtering of the signals is car- gated in terms of modulus and phase. In [2] it can be found an

ried out using a new algorithm based on the Complex Cominuousextended explanation of CCWT and Morlet's Wavelet.

Wavelet Transform. The developed algorithm has been validated This work is mainly related with R. Kronland-Martinet's et al
comparing the practical results with the theoretical instantaneous 3] [4] [5] and R. Carmona’s et al. [é] [7] works. They found.
amplitude and instantaneous phase of the obtained model of they, the minimal information needed to characterize a signal from
signals. With the appropriate width, the complex bandpass filters its wavelet coefficients is located around the points of the time-
show the same behaviour as our perceptual ability to discriminatefrequency half-plane where the module of the coefficients has a

interacting tones when they fall inside a critical band of the human maximum (theidge of the transform). At these points the phase of
ear. the coefficients can be easily obtained. This phase information is

closely related with the instantaneous frequency [8] of the original

1. INTRODUCTION signal.
In this work a slightly different approach is made. Our objec-

It is well known that human hearing is very conditioned by the tive is not only to find the instantaneous frequency but also the in-
critical bandsof the ear. The existence of the critical bands influ- stantaneous amplitude of the original signal. In this way a compar-
ences the consonance and dissonance of sounds and the maskingpn can be made between the theoretical instantaneous amplitude
effect, among other effects. As pointed out in [1] the bandwidth of and instantaneous frequency of the canonical pair of the signal and
the critical bands lies between one-third and one-sixth of a octave.the results obtained with our algorithm.
This fact leads to the well-known 24 critical bands when the whole This paper has been divided as follows. In Sec. 2 the canonical
frequency axis is covered. These critical bands also affect the per-pair of a sinusoidal modelled signal is presented. Only the sum of
ception of beats when two pure tones get closer. When two tonestwo sinusoids is detailed but it can be generalized applying the
get close enough we are not able to resolve them in spectral termsnethod recursively. In Sec. 3 our analysis and synthesis algorithm
and the perceived sound can be described by a signal that exhibitss briefly explained. Three kinds of signals have been processed in
amplitude and frequency variations. Tinstantaneous amplitude  Sec. 4: a sum of cosines with different frequency distance between
and theinstantaneous frequenaf the signal can describe these them, a sum of two linear chirps and a sum of two exponential
variations. Thecanonical pairof such a signal models exactly this  chirps. The main conclusions are presented in Sec. 5.
fact.

In this work to extract the canonical pair of a signal and its 2 THE CANONICAL PAIR OF A WAVE
instantaneous amplitude and frequency @mmplex Continuous '

Wavelet TransforfCCWT) is used. The CCWT canbe viewed as 5 1 |nstantaneous amplitude and phase: the analytic signal

the filtering of the input signa$(¢) with a filter banky, ,(¢), in

our case, built from the Morlet's Wavelet shown in Eq. 1 Let's suppose that we are working with a siga@l) composed by
the sum of two general cosine waves:

w2 t .
Bt = Ce i ( _ 7) N Com iz et (1) s(t) = Ai(t) cos[ipr (8)] + Aa(t) coslpa(t)].  (3)
To find the canonical pair of this signal, we can work with the

relatedanalytic signal[3] of every cosine of 3. Then, the signal
s(t) is the real part of the sum of the analytic signals:

Wi(a,b) = / N s(£)ta.p(t)dt @ s(t) =R Al(t)emm+A2(t)eﬂ’2<”]. 4)

—o0

The wavelet coefficients can be calculated as follows:
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Let's suppose that the amplitudds (¢) and A, (t) satisfy the
asymptotic conditiorj3]. That means that the signal amplitude

Two cosines separated by one note.
v T T T v

varies slowly enough with respect to the signal phase: 2
1 dA(1)| _ |dei(t) )
A;(t) dt dt ’ . AL . | . . ! .
In such a case, the signglt) can be written as: ¢ 0T 02 08 0408 08 0708 08 T
Two cosines separated by 15 Hz.
s(t) = |Is()[[cos {1 () + P(t)} . (6)

NamingA(t) = ¢2(t) — ¢1(t) to the difference of the indi-
vidual phases, the modulus &ft) can be written as:

IAmpIitude

L H L h ' H L H L
0.1 0.2 03 0.4 0.5 06 0.7 0.8 0.9

s@)Il = \/ AR (t) + A3(t) + 241 () A2(t) cos [A(1)],  (7) e
and®(t) in Eq. 6 is: Figure 1: Representation of two waves composed by two cosines.
) (a) One note apart: frequencies are 440 Hz and 493.88 Hz (notes
_ As (1) sin [A(2)] A4 and B4) and amplitudes 0.5 and 0.499, respectively (b) 15 Hz
®(t) = arctan . (8) . > )
Aq(t) + Aa(t) cos [A(L)] apart: frequencies are 440 Hz and 455 Hz with the same ampli-

Considering that Eq. 5 is true, we obtain the instantaneous tudes.
frequency of the signal(t) from Egs. 8 and 6:

Envelope of the signal.
1

() I I I | I | T Il
vty = L d{sm(t):ir{)[s(t)]} _ Sos \/W\[W MWWW\
27 t <
1 » A'(t) {Ag (t) + A1 Az cos[A(t)]} A: 0 . In%tantane?usfreql:.lencyof:the sign:al. . .
27T{¢1() A%(t)+Ag(t)+2A1(t)A2(t)COS[A(t)]}. E;“ IUREREUREIN IRUUUNE
© s T
If the signals(t) is composed by three or more sinusoids like " I Detll of e Intantancous frequency of the el I
3, we can use this technique recursively to reach more generalre €[~ = =~ = 7 7 7 7 ]
sults. g
The envelope and the phase of the canorical paefare ] |11 1] 1 0L AT
0 01 02 03 04 06 07 08 09 1

the instantaneous amplitude and the instantaneous phase of the si 05
nal, and they exhibit a time dependence that reflects the amplitudk time )

and frequency modulation of the total wave. If the phases of the

components are distant enough, there is a clear distinction betweetFigyre 2: Instantaneous amplitude and frequency of the signal with
carrier wave and modulating wave [8]. This difference becomes frequencies 440 Hz and 493.88 Hz.

more diffuse when the phases approach each other, and there starts

to appear intermodulation terms that become into the classical beg Envelope of the signal.

movement if the frequencies are close enough. It means that mix: Y ' / / " ' AR
ing the components of a signal in a modulus-phase representatio E] / \ \ \ |
has a greater physical sense the closer the components are. ¢ £ /
Eq. 6 is a valid representation of every signal composed by two or 0 : : L :
more sinusoids like 3, but useful from a perceptual point of view . o e iedenyoitiesond
whenever they are close enough so that intermodulation terms be T L i
come audible; something similar to the behaviour of the humanear  § .| ‘ ‘ ‘ ‘ ‘ ‘ ’ ‘ ’ ’ ‘ ‘ ‘ ‘ ‘ J
due to the critical bands. £ oo L

. Detail of the instantaneous frequency of the signal.
2.2. Analysis of a sum of pure cosines 15450, J
Two signals composed by the sum of two cosines each with con- %‘*“WWFFWWT
stant amplitudes and frequencies have been analyzed. They ar  Fasot—— ol ——d Ll L1l 1

shown in Fig. 1. The graphs of instantaneous amplitude and fre- Time (s)

quency obtained from Egs. 7 and 9 are shown in Figs. 2 and 3.

. It can be seen that the intermodulation terms clear!y appearrigyre 3: Instantaneous amplitude and frequency of the signal with
in both signals. In the first one we have two frequencies came frequencies 440 Hz and 455 Hz.

apart by the distance of a note. So, this representation, although

exact, is not valid in terms of perception. In this representation

we are not able to distinguish between the two notes but they are
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perceived as individual tones. In the second example a similar be: Envelope of the signal.
haviour is shown, but in this case this representation is much more NANANNANNNY \ \ \
appropriate to our perception experience of beating in amplitude \ \ \/ \ / 1
and frequency when the two tones interact. In Fig. 3 the perceivec \ \ \/ | \/

amplitude modulation and the frequency beating can be observed ' ' y '

Amplitude
o
@

o

Instantaneous frequency of the signal.

2000

2.3. Analysis of chirped signals

Frequency (Hz)
)

In Fig. 4 two chirped signals are shown. The sum of two lineal 2000 . . . . . . .
chirps and the sum of two exponential chirps with different values . Detal of the instantansous frequency of ths signal

composes them.

I L I I I I ' I i 4

E el

2 2 600 ﬂ 1

S2lin = Z A; (t) Ccos (aitQ + bit) (10) & 4006/V/0';/E2/]/0|.3 0 05 06 07 08 09 E
i=1

4 . 1
Time (s)

2
S2eap = Y Au(t) cos (Bz‘eclt) (11) Figure 5: Instantaneous amplitude and frequency of the double
=1 lineal chirp signal.
In this case, for simplicity, we have supposed constant am-
plitude for each component. Figs. 5 and 6 show the results of Envelops of the signal.

equations 7 and 9 for the signals represented in Fig. 4. It can be 1 y - AWAR ' T '
observed in the detailed view of Figs. 5 and 6 the linear and expo- i) / / \ / ]
nential change in the instantaneous frequencies of each signal. ' \/ | /

0 S Al b I R

Amplitude
)
P

i

Instantaneous frequency of the signal.
T T T T T

2000

Two lineal chirps.

o

wn
Frequency (Hz)

)

T T

o 0
T
2
TEl 0 2000 , , , , ,
< Detail of the instantaneous frequency of the signal.
<1200 T T T T T T T T T
T
L L L L ;1000-
02 03 04 05 06 07 08 . 2 o0l
3
Two exponential chirps. q%'.) eoo’m
T T T T T T 400 I . . . . . L A
0 01 02 03 04 05 06 07 08 09
Time (s)

IAmpIitude

Figure 6: Instantaneous amplitude and frequency of the double
exponential chirp signal.

0.2 03 0.4 05 06 07 08 0.9 1
Time (s)

) ) ) . filterbank. This behaviour is obtained modifying appropriately the
Figure 4: Representation of two chirped waves. (a) Lineal case parameter on Eq. 1 while maintaining the proper covering of
with parametersA; = 0.5,a; = 400 andb, = 415, Az = 0.499, the whole frequency axis. The mathematical analysis behind this
az = 400 andb; = 400. (b) Exponential case with parameters: roperty was presented in [9]. A very flexible algorithm which
Ar = 0.5, By = 414.92 andCy = 1.074, A2 = 0.499, By = can be fitted to perform a well-localized signal analysis either in
399.97 andC’y = 2.098. frequency or time is obtained.

) . o L As can be seen in Fig. 8 a two-pass scheme has been imple-
In these cases the interaction between individual chirps is high mented. The stationary analysis is performed with a great number
and is very difficult to distinguish each isolated one. So, the ob- of givisions per octave (more than 16) and the transient analysis
tained amplitude and frequency representation describes quite wellg performed with a few divisions per octave (less than 6). Those
the signals in terms of perception. _ numbers can be adjusted for every need. In this way we obtain a
Once described theoretically the signals that will be analyzed ¢ompact additive model of the signal with the same structure for
we are going to present the developed algorithm in the next section.the stationary and for the non-stationary part of the audio signal.

In Figs. 7 and 8 a patrtial is the set of wavelet coefficients
3. ALGORITHM around a maximum of the modulus of the transform grouped when
the energy of the modulus of the transform is high enough. To
An additive synthesis algorithm based on the CCWT has been de-detect a partial the modulus of the coefficients are calculated and
veloped. The algorithm block diagrams can be seen in Figs. 7 andsummed in the time axis. The result is gealegranmof the signal.
8. A partial is the number of consecutive bands in which the value of
The main characteristic of the algorithm that differs from the the scalegram is above a certain limit. Then, the sum of the com-
existing ones [3] [4] [5] [6] [7] is that the Q of the filterbank is  plex wavelet coefficients involved in each partial from its lower
adjustable. The control parameter is the divisions per octave of thefrequency limit to its upper one is done. The modulus of these
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of 440 Hz and 493.88 Hz (notes A and B). Finally, the third signal
has constant amplitudes of 0.5 and 0.499 and constant frequencies
of 440 Hz and 455 Hz, respectivelly. These signals are shown in
Energy Location Fig. 9.

FFT H Energy Scales

Input
Signal ™

Two cosines separated by one octave.

GGG

Spectral Partials

Modulus

I,
Fine Analysis
Partial Scales ’ ‘ I T‘:a/o cosir;es sepa:'ated bylone notle_
1 . ; T . :

Partial
Enwelopes

Partial
Phases

Amplitude

Two cosines separated by 15 Hz.

Figure 7: Analysis algorithm block diagram. 1 . ' [

T
J i
- _ L AW WY WY, .
S Stationary Analysis ‘ — Transient Analysis | 0 0.1 0.2 03 04 05 0.6 07 08 0.9 1
gual | | ‘ ‘ Time (s)

Amplitude

! v ¥ v v ru———

! Stationary Stationary Transient Transient Ouiput |

i al ial ial al | . . . .

D | Beiopes | | phoses Bveiopes | | Phame ! Figure 9: (a) Two cosines with frequencies of 440 Hz and 880 Hz,

’ ~ ~a ‘ (b) frequencies of 440 Hz and 493.88 Hz (notes A and B) and (c)
| Additive Resynthesis | ‘ Additive Resynthesis ‘ frequenc|es Of 440 Hz and 455 Hz.

Stationary Transient . . . . . .
Signal Signal For the signal in top of Fig. 9 our algorithm finds two main

partials. The obtained instantaneous amplitudes and frequencies
of each partial are shown in Fig. 10. The bandpass filter used has
resolution enough to find each component separately. Then we
obtain the canonical pair of each component instead of obtaining
the canonical pair of the whole signal. It can be seen a smoothing
envelope in the upper graph of Fig. 10 due to a windowing process

. . . . . applied to the signal. This smoothing envelope has been applied to
Figure 8: Stationary plus transient algorithm block diagram. aﬁ?he analyzedgsignals to avoid fas?transier?t effects. PP

Envelope of each partial (from coefficients' module).

summed coefficients is the instantaneous amplitude of the partia 1
and the phase of the grouped coefficients is the instantaneous pha: L0 /
of the partial. A more theoretical view of this work has been pre- Sosf
sented in [10]. Unlike Serra’s work [11] the error signal we obtain oaf
(see Fig. 8) is not modelled. “oa
The algorithm output is, then, the canonical pair of every de- R K B T X S R T
frﬁflﬁu%i?i d -fl-rr(]alcs]uilgggtsh\r;;rl&\l/c)er?s/ s:‘leltsaet:':teegolz’l dSeetgcgng the 900 Instantaneous frequency of each partial (from coefficients' phase).
§BOO
4. BANDPASS FILTERING RESULTS e
Trying to cover the possibilities detailed in Sec. 2, a set of five dif- ~ =>|

ferent signals has been generated to test the algorithm and to fin o 01 02 03 04 Tmo;S(s) 06 07 08 08 1

its limits. For computing purposes we have chosen the numbet

of divisions per octave equal to 16 for all the analyzed cases be-

low and the presented results correspond merely to the stationaryFigure 10: Instantaneous amplitude and frequency of the partials
analysis of Fig. 8. found for the top wave of Fig. 9.

The results of the analysis of the central wave of Fig. 9 are
shown in Fig. 11. In this case the filterbank has not resolution
We have analyzed three signals, each one composed by the sum agdnough to find each component completely isolated from the other.
two cosines. In the first one the frequencies of the two cosines areSo, each partial mutually influences the other. The instantaneous
440 Hz and 880 Hz and the amplitudes are 0.5 and 0.499, respecamplitude oscillates and the oscillation in amplitude causes a fre-
tivelly (two A notes separated by one octave). In the second signalquency oscillation, as can be observed in Fig. 11. This fluctua-
we have chosen the same amplitudes and two constant frequencieson is not very large because the amount of energy of each sinu-

4.1. The sum of pure cosines
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soidal component that contributes to the opposite band is only athese casesl:(¢) and A2 (t) are windowed amplitudes of maxi-
part of the total energy of the component. This sensation is often mum value 0.5 and 0.499, respectively. The corresponding signals

described asughness have been depicted in Fig. 13. The values of the parameters in the
linear case area; = 400, by = 415 andas = 400, bo = 400.
Amplitude of each partial (from coefficients' module). In the exponential case the chosen parametersires 414.92,
1 T T T T T T
‘ ] ; ‘ ‘ C1 =1.074 and By = 399.97, C> = 2.098.
ot o WIVVVAAAAVARAAVARAARAANAY, | R ? 2 _
Loel 1 In Fig. 14 we can see the instantaneous amplitude and fre-
?M quency of the sum of the two linear chirps on the top of Fig. 13. A
<0'2> deep amplitude modulation and a frequency beating is observed.
'C‘ , ‘ , , , , , , ) Also the constant linear change in frequency is made clear. It can
0 o1 02 03 04 05 o0& 07 08 09 1 be seen the agreement in the obtained representation with respect
Instant: f f h partial (fi fficients' ph: X H H
50 nslan anelous ret?uency'o eac ‘pa Ial '(rom C(‘)e |C|er? S p alse) to the results presented in Flg 5
z
< s00p J AMAMAMMANMNAN J 1
: Aamamaaan AAAAAAAAANNN T nealchips
2 S | -
o » 05
4000 0?1 072 0?3 074 075 0?6 077 OTB 059 1 %
£
<ost
Figure 11: Instantaneous amplitude and frequency of the partials Yo 01 02 03 04 05 06 07 08 08 1
found for the central wave of Fig. 9. Two exponential chirps.

In Fig. 12 the instantaneous amplitude and instantaneous fre:
quency of the bottom wave of Fig. 9 is shown. In this case, both
components are inside the same analysis band. They are, thel
indistinguishable as different signals. It can be seen that the in-
stantaneous amplitude and frequency obtained with our algorithim o
is quite similar to the canonical pair behaviour proposed in Sec.

2 (see Fig. 3). Itis a logical consequence of the complex band-

pass filtering: when the filter cannot separate the components, itFigure 13: (a) Signal composed by the sum of two linear chirps.
tends to find a global expression for the whole input signal, like (b) Signal composed by the sum of two exponential chirps.

the canonical pair does. We have found a representation of these

two cosines more related with our perceptual ability than the one

given by a high-resolution spectral analysis method.

IAmpIitude
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Figure 14: Instantaneous amplitude and frequency of the double
Figure 12: Instantaneous amplitude and frequency of the partialsiineal chirp signal.

found for the bottom wave of Fig. 9.

Finally, in Fig. 15 the instantaneous amplitude and frequency
of the composed exponential chirps at the bottom graph of Fig. 13
are presented. It can be seen the amplitude modulation and the
Finally, we have generated and analyzed two different signals com-exponential change in frequency. Again a comparison with the
posed, respectively, by the sum of two lineal chirps and two ex- graphs presented in Fig. 6 reveals the good agreement between the
ponential chirps like the ones proposed in Eqs. 10 and 11. Intheoretical analysis and the practical results.

4.2. Chirps analysis
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Amplitude of the partial (from coefficients' module). [2]
1 T T T T T T T
0.8f /\ /\
: \
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1 IRImA 3]
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G0 0.1 0.2 03 0.4 0.5 06 0.7 08 0.9 1
Instantaneous frequency of the signal. Detail (from coefficients' phase). [4]
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T 1000r
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (s)

Figure 15: Instantaneous amplitude and frequency of the double [6]
exponential chirp.

5. CONCLUSIONS (7]

In this work we have obtained a signal representation that includes
the modulation in amplitude and frequency that appears when the
frequency distance of some interacting tones is under the band- [8]
width of a bandpass filter. This representation has been motivated
by the behaviour of the human ear in terms of the critical bands. A

|. Daubechies, Ten Lectures on waveletgol. 61 of CBMS-
NSF Regional Conference Series in Applied Mathematics
SIAM, 1992.

R. Kronland-Martinet, “The Wavelet Transform for Analy-
sis, Synthesis and Processing of Specch and Music Sounds,”
Computer Music Journabol. 12, no. 4, 1988.

P. Guillemain and R. Kronland-Martinet, “Characteriza-
tion of Acoustic Signals through Continous Linear Time-
Frequency Representationgroceedings of the IEER/oI.
84, no. 4, Apr. 1996.

N. Delprat, B. Escud, P. Guillemain, R. Kronland-Martinet,

P. Tchamitchian, and B. Tdrsani, “Asymthotic Wavelet and
Gabor Analysis: Extraction of Instantaneous Frequencies,”
IEEE Tran. on Inform. Theorwol. 38, no. 2, Mar. 1992.

R. A. Carmona, W. L. Hwang, and B. T@san, “Character-
ization of signals by the ridges of their wavelet transforms,”
IEEE Transactions on Signal Processjwgl. 45, no. 10, pp.
2586-2590, Oct. 1997.

R. A. Carmona, W. L. Hwang, and B. T@san, “Multiridge
detection and time-frequency reconstructiohZEE Trans-
actions on Signal Processingol. 47, no. 2, pp. 480-492,
Feb. 1999.

B. Boashash, “Estimating and Interpreting the Instantaneous
Frequency of a Signal. Part 1: FundamentaRbceedings
of the IEEE vol. 80, no. 4, Apr. 1992,

mathematical analysis modelling the interacting sinusoids in terms [9] J. R. Beltran and F. Beltran, “Additive Synthesis Based on

of the canonical pair of the signals has been made. To obtain such
a representation a complex bandpass filtering algorithm has been
implemented using the CCWT. A bandwidth adjustable algorithm
is presented.

It has been shown that if the components of a composite signalllo]
are distant enough in frequency, our complex bandpass-filtering al-
gorithm can detect them as different partials and the canonical pair
model of the whole signal is not a good signal representation. As
components get closer, the chosen filter size doesn’t allow to com-[11]
pletely discriminating them, and a representation in instantaneous
amplitude and instantaneous phase is found by our algorithm. The
bandwidth of the filterbank can be adjusted to simulate the critical
bandwidth of the human hearing.

The computed instantaneous amplitudes and frequencies show
the same behaviour that the obtained ones by analyzing the signal
in terms of the canonical pair if the frequencies involved are close
enough.

A question still remains open. Is it really necessary to detect
each frequency component, or the obtained model is good enough
(or even better) than a high spectral resolution one?
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